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String propagation on a three-dimensional Lorentzian string orbifold with a null sin- 
gularity has been studied by Horowitz and Steif, and more recently by Liu, Moore and 
Seiberg. We analyze the target space as a classical gravitational background. The sin- 
gularity becomes spacelike when an arbitrarily small amount of matter is thrown at the 
singularity. This can be seen directly by constructing a Vaidya-type solution, or by study- 
ing the null singularity as a limit of the M = 0, J = BTZ black hole metric. 
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1. Introduction 

String theory has had great success resolving singularities in classical supergravity 
which occur at a point in space. But time-dependent backgrounds are poorly understood, 
and the fate of dynamical or spacelike singularities is unknown. Since spacelike singular- 
ities arise from reasonable initial conditions in classical general relativity pL they are an 
important feature of gravitational dynamics. Furthermore, there are good reasons to be- 
lieve that the physics of spacelike gravitational singularities is qualitatively different than 
that of timelike singularities (c.f. 0). 

A handful of exactly solvable conformal field theories corresponding to strings propa- 
gating in time dependent backgrounds with spacelike or null singularities have been con- 
structed Pj^,|5|,|6|,|7|,P|j9|, pD| , pn|| .B Despite the apparent simplicity of these CFTs, the quantum 
dynamics of strings remains unclear. The target spaces of many of these CFTs have closed 
timelike curves PJSlJIll, and string propagation is singular at many of these singularities 



It is not even clear whether conformal field theory is the correct tool for discussing such 
singularities. The dynamical singularities demanded by the singularity theorems signal a 
disease in the evolution of classical gravitational fields. The classical limit of string theory 
- the limit of large vevs of quantum fields - is not yet understood, particularly in the 
closed string sector. There are no real principles for continuing the spacetime beyond the 
singularity, nor is it obvious that continuing past the singularity is desirable. 

A related issue is that quantum string production and the resulting backreaction could 
be large. For example, in the spacetimes described by |||9|], demanding that spacetime 
quantum fields are invariant under the orbifold group at the orbifold fixed points implies 
large particle production at the singularity |I6| . Quantum string production in time- 
dependent backgrounds is still a young subject (see flTll for the most complete discussion 
to late),! but penary results suggest that Laxities, the bachreaction f rom 



string production may be even more drastic than that from field theory |T8[ . 

The purpose of this work is to argue that in the spacetime background described in 
0,|1O[, the dynamics of a probe and the classical formation of spacelike singularities are 



1 Conformal field theories describing string propagation in time-dependent bacgkrounds with 



timelike or no singularities have been constructed in [12,13,14). 

2 See also [14| for a spacetime field-theoretic calculation of string production in a time- 



dependent background. 
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not separable issues. On the one hand, the target space studied is an explicit orbifold of 
string theory, so it is under control as a conformal field theory. It has a null singularity 
and no closed timelike curves, and the presence of a null Killing vector insures that there 
is no particle production f[9|] . The system seems to be an ideal laboratory for studying 
time-dependent backgrounds using conformal field theory techniques. 

On the other hand, the causal structure of the singularity is unstable. Any stress- 
energy satisfying the positive or null energy condition, at arbitrarily small but finite energy 
in three dimensions, will replace the singularity with a spacelike singularity, of the kind 
described in g],|0],|l]. 



We will show this first by studying null stress energy impinging on the singularity of 
P,|lO| , in the classical gravitational limit in three dimensions. We will then argue that this 
behavior is reasonable and generic by studying the solution as a particular limit of the 
BTZ black hole metric. We will conclude with a brief discussion of string amplitudes in 
this background. 



2. Collapsing null matter 

The metric of the orbifold in @,|10[ can be written after a suitable change of coordinates 



as! 

ds 2 = -2dy+dy- + (y + ) 2 dy 2 , (2.1) 

where y ~ y + 2tc is a periodic variable. For y + < 0, this spacetime has the structure of a 
2d Lorentzian cone times a lightlike line. It is unclear whether the y + > region should 
be kept; we will not address that issue here. 

To study the effects of matter impinging on the singularity, we will send in a pulse of 
null stress energy, which is circularly symmetric - that is, translationally invariant along 
y. We take the energy-momentum tensor to be: 

T__= a , (2.2) 



3 These are the "y-coordinates" in [ 10 1 . The singular submanifold at y + = has a different 
structure than the singularity in the original coordinates, since the coordinate transformation is 
bad there. This will not effect the calculation in this paper, which describes the spacetime at any 
point off of the singular locus. Of course it may be important for the resolution of the singularity. 
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which describes null matter striking the singularity. The dependence on y + is required for 
T^ u to be conserved. Here is t 
g(y + ) is positive definite, and that 



(3) 

T^ u to be conserved. Here G N is the 3-dimensional Newton's constant. We assume that 



dy-g(y-) = 1 (2.3) 



If the circular shell is approaching from y + < 0, the energy of the incoming shell is positive 
if a > 0. 

Taking the ansatz for the metric: 

ds 2 = f(y-)(dy-) 2 - 2dy~dy + + (y + ) 2 dy 2 , (2.4) 
the solution to Einstein's equation is: 

f(y~) = -« / dxg(x) . (2.5) 



Assume g has compact support in the interval y G [0, a]. For y < 0, the metric is that 



of the null singularity in ||10|1 . For y > a the metric is: 



ds 2 = a{dy~f - 2dy + dy~ + (y + ) 2 dy 2 . (2.6) 

If a > 0, so that the energy of the incoming shell is positive, then y + = has become 
a spacelike singular locus, y describes a circle whose circumference shrinks with the time 
coordinate y + . A further coordinate transformation makes the structure clear: 

u = — (r + a) 

a 

v = r (2-7) 
(j) = y/ay . 

The metric is: 

ds 2 = - (-dr 2 + da 2 + r 2 d(f) 2 ) (2.8) 
a 

where ip ~ <fi + 2Tx^/a. The spacelike singularity at r = is of the type discussed in 
This instability in the causal structure can be understood by studying the effects of 



collapsing massive dust in 2 + 1 dimensions |22[] . For a given velocity of the shell, there is a 



critical value \x c of the mass of the shell, at which the metric outside the shell approaches 
that of the null singularity in @,|10[ as the shell shrinks to zero size. For any mass smaller 
than the critical value, the endpoint is a conical singularity (as expected for a point mass 
below the critical value (jl c .) For a range of masses larger than the critical value, the 
endpoint of the collapse is the metric (|2.6| ) . 
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3. The BTZ black hole 

As noted in the null singularity ( |2.1j ) is a particular limit of the M = 0, J = 

BTZ black hole. This provides a nice picture of the results of the previous section. 

The BTZ black hole with positive mass M and zero angular momentum J has the 



metric 23 



7"»2 \ / tyi 2 \ 

' - ° ' ' ' 2 i 2 ji2 



ds 2 = - ( - e 1 ^ + I - e ) dr 2 + r 2 # 2 . (3.1) 



For e > 0, this is a black hole with mass 



M = &® ' (3 ' 2) 

in anti-de Sitter space with cosmological constant 

A = ~. (3.3) 

The horizon is at r = y/e£, and the singularity is at r = 0. As I — > oo the horizon recedes 
to infinity. 

The metric (|2.1[) can be found by taking the limit e — > while focusing on the region 
near the singularity. If r <C the metric approaches 

--dr 2 + edt 2 + r 2 d(j) 2 (3.4) 



In particular, if we let 



€ 



y + 
t = — 



(3.5) 



r = e(y +t) = ey + y + , 

then ( |3.4| ) is clearly equivalent to ( |2.1[ ). For fixed y + ,y~, this scaling limit is consistent 
so long as I is large enough. As I — > oo one recovers 3d gravity without a cosmological 
constant. 

The instability of the null singularity is thus a limiting case of the fact that throwing 
matter at an extreme, massless BTZ black hole with a null singularity creates a massive 
black hole with a spacelike singularity and an event horizon. Observers placed so that they 
are inside the horizon after the matter passes them, eventually see the spacetime described 
in ( |2.6| ). If £ is finite, a black hole solution with a horizon exists; observers which are far 
enough away will see the formation of a classically static black hole with an event horizon. 
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4. Conclusions 



Our discussion has been entirely three-dimensional, as would be natural if the remain- 
ing seven dimensions were compactified. If additional dimensions are not compactified and 
the incoming probe is localized in these dimensions, the solution will not be as simple. 
A simpler question is, whether Planckian physics generically becomes important to the 
physics of actual higher-dimensional probes near the singularity.0 For a generic classical 
scalar field in d dimensions, one can follow the arguments in Q, by solving the equations 
of motion in the spacetime ( |2.1| ) , as is done in [IIJ , and computing the energy- momentum 
tensor for a given mode. As in the presence of the spacelike singularities studied in a 
classical mode of a scalar field in the spacetime ( |2.1p has diverging energy near y + = 0. 
This "instability" is more drastic than the effect we have described in §2, where we have 
assumed an idealized energy-momentum tensor with a total energy which is finite even 
near the singularity. 

Because the null singularity is marginal, classical probes with very small incoming 
three-dimensional energy will change the causal structure of the singularity. This change 
is potentially serious; for example, once the singularity becomes spacelike there can be 
large particle production near the singularity ||16|| . One might hope that a signal of this 
change appears in string perturbation theory, or at least as an interesting disease in the 
perturbation expansion. It would be interesting to study this further, along the lines of 

However, the interpretation of worldsheet computations is unclear once the spacelike 
singularity develops. If it is natural to continue through the singularity at y + = 0, as 
advocated by [jSyiT| and suggested by flltf , then one may set up scattering data far from 
the singularity JTT ]; but it is not clear if this continuation is natural or unique. 

Absent this continuation, there is no obvious S-matrix interpretation of worldsheet 
correlation functions due to the future singularity. One may try to keep a version of the 
S-matrix by keeping the cosmological constant l/£ small but finite.@ The e — > limit of 



is an orbifold of anti-de Sitter space |23|] . Correlators of vertex operators specified 
by their behavior at the boundary of AdS then provide an analog of S-matrix elements. 



This point arose during a conversation with T. Banks, J. Polchinski, S. Shenker, E. Silverstein 



and L. Susskind; see also the conclusions in [10|. The calculation described in in the following 
sentences was inspired by comments by J. Polchinski. 

5 I am grateful to S. Shenker for asking about and discussing this point. 
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An incoming string will create an M > AdS black hole with the spacelike singularity 
hidden by a horizon from the asymptotic observer. The nontriviality of the order of limits 
is consistent with the principles of black hole complementarity |24[ . 
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